Phase transitions of active rotator systems with short-range coupling are discussed. The constituents of the system which we call active rotators are represented by a phase model of a limit-cycle oscillator or an excitable element, i.e., dt/J/dt = w-bsint/J, (Iw/bl<l). The rotators are subject to noises, and ferromagnetic type coupling is assumed between them. The effect of infinitesimal noises on a perfectly. ordered motion is examined for various spatial dimensions by using a linear approximation. As a result, a macroscopic in-phase oscillation throughout the system turned out impossible for 1 and 2 dimensions, but possible for 3 dimensions. An interesting feature expected for a two-dimensional system is that there is a finite parameter region where characteristic length scale is absent. In order to see the latter feature in more detail, we performed a Langevin simulation for a two-dimensional system, and confirmed the existence of a Kosterlitz-Thouless type parameter region. § 1. Introduction
By an active rotator we mean a phase model of either a limit-cycle oscillator or an excitable element. This is expressed by the equation of motion for phase ¢ d¢ -
Tt-w-smV'. If Ib/wl is slightly greater than 1, the rotator is sensitive to external perturbations. This is because the system is then easily kicked out of its stable equilibrium thus making a long tour before coming back to its original equilibrium. Such a feature is known to be basic to excitable elements. Equation (1·1) may also be looked upon as an equation describing the heavily damped motion of a particle in a periodic potential under the action of a constant driving force. The population model of the elements like (1·1) has been employed in the study of a driven and heavily damped sine-Gordon chain!) and also of the surface roughening transition. leave the equation invariant.
Recently, the present authors investigated the phase transitions in communities of active rotators with infinite-range coupling and external noises.
3 )
The coupling assumed there is given by a 27r-periodic function in phase difference so that the model satisfies the required invariance and also allows for the phase slip. Then we found some interesting features, in particular, the existence of a dynamically ordered state where the system exhibits a coherent rhythmic motion over the entire space.
The present paper deals with the system of active rotators with short-range coupling. Otherwise the model is essentially the same as in a previous paper. 3 ) Our main purpose is to know the relation between spatial dimension and possible types of phase transitions. After briefly introducing our model in § 2, we shall develop in § 3 a preliminary consideration based on a linear theory (similar to the spin wave theory) to study the effect of weak noises on a perfectly ordered behaviour. The analysis shows the following. In the region I bl wi < 1, a macroscopic in-phase oscillation over the entire system persists for d?:. 3 (d for dimension). For d=2 and 1, the long-range coherence is destroyed immediately on introducing weak noises. In two-dimensional systems, however, there is an indication that the spatial correlation of some 27r-periodicfunction of ¢ obeys a power-law decay and unit in which K = 1; the choice K = -1 would imply antiferromagnetic coupling which we will not consider. Without-loss of generality, we assume the other three parameters to be non-negative. There are known limiting cases corresponding to some peripheral regions in our parameter space:
The dynamics is governed by a kinetic potential H which is 27f-periodic in each (jJ;:
where (ij)-summation is taken over all nearest-neighbour pairs (each pair counted only once) _ Thus the system has an equilibrium probability distribution exp( -H/ T) and becomes equivalent to the equilibrium planar model with external field.
(ii) b=O
The driving force term co may be eliminated from Eq. (2-1) through simultaneous transformations ¢i ~ ¢i + cot, (i = 1, 2, ... , N). Thus the system again reduces to the planar model but without external field.
(iii) T=O
This corresponds to the absence of noises. The phases of the rotators then show a perfect synchrony, i.e., ¢i(t)=¢oCt) for all i, ¢oCt) obeying Eq. (1-1). § 3_ Linear approximation --case of small T Without mutual coupling, the phase ¢(t) shows a monotone increase with time if b< co, but this is generally accompanied by a jerky oscillation. In some cases, it is more appropriate to work with a new phase variable ¢(¢Ct)) which shows a steady increase with the same average rate of increase as ¢( t), i.e., d¢/ dt = w. It is clear that
Equation (2-1) then takes the form
where -Kw .
and (3) (4) We now consider the case of sufficiently weak noises for which an averaging method as developed in Ref. 4 ) is available. Note that for weak noises the phase difference between any interacting pair will also be small. This means that the effect of the last two Note that the evolution of P is slow because of the smallness parameter on the r.h.s., whereas the drift and diffusion terms involve rapidly oscillating quantities r (Bi + wt, Bj +wt) and D(Bi+Wt). Such quantities may therefore be time-averaged over the period, and we get after putting c = 1 
The above asymptotic forms of c( l) are expected to be preserved when we consider the correlation function of fluctuation of more general 27r-periodic function of <p.
In the case w< b, <PoU) becomes time-independent as t->oo. If We summarize here the results of our linear approximation together with some known equilibrium (i.e., b=O) results:
A macroscopic order persists on introducing sufficiently weak noises. Thus a clear phase boundary between stationary regime 5 and periodic regime P is expected on the T-b plane. For b = 0, in particular, existing theories tell that an order-disorder transition at some critical temperature Tc occurs. Thus the basic feature of the phase diagram seems qualitatively the same as in the case of infinite-range interaction.
(d=2)
In the region w> b at sufficiently low temperature, the spatial correlation function of e i{J is expected to show a power-law decay Llc(l)~l-a, where Llc(l)=c(l)-c(oo) and a depends linearly on T. The fluctuation of magnetization is then given by
which diverges as N ->00 if a<2. No singularity is expected in the region w::;:;b. In the case b=O, existing theories tell i diverges at all temperatures below T c , the KosteritzThouless transition temperature.
(d=1)
There is no singularity in i as far as the temperature T remains finite. The results are shown in Fig. 2 . In the equilibrium limit b=O, the fittings of the data with a theoretical curve x~ebt-v(t=(T-Tc)/Tc) is used for obtaining T c. 6 ), 7) In our more general case, however, such a method is not applicable. We therefore determined the phase boundary Tc(b) simply by looking for where an anomalously large value of lax/aTI is attained. More specifically, Tc(b) is determined as the temperature such that the product of the gradient of X on both sides of that temperature has the maximum value (see Table 1 ). Here, we mention that the size-dependence of X becomes prominent below where N v is the total number of plus or minus vortices, Note that the total vorticity is a conserved quantity which we have set to zero initially. If the vortex density is approximated. by an activation type, then lnnv= -Ep/T+const.,
where Ep represents the creation energy of a vortex pair. We show the T-dependence of nv in Fig. 3 , where the linearity of In( nv) in 1/ T seems to hold well in our generalized KT regime. The values of the Ep(b)'s are summarized in Table II. (iv) mean angular velocity v As a quantity of essentially dynamic nature, we define the mean angular velocity v by 
From Fig. 4 , we see that v shows no singular behaviour. § 5. Summary and relevance to other fields
In two-dimensional active-rotator systems we have shown, first by a simple linear approximation and next by a Langevin simulation, some evidence for the existence of the generalized KT regime in which i diverges. . Two-dimensional networks of the oscillators or excitable elements are commonly found in living organisms. In those systems there seem to be as many situations where the uniformly synchronized motion would be unfavorable (such as wave propagation in some nervelike tissues), as those where it is favorable (as in circadian rhythms). The present study may also have some relevance to such problems.
